The main objective of this work, is to show two inequivalent methods to obtain new spherical symmetric solutions of Einstein's Equations with anisotropy in the pressures in isotropic coordinates. This was done inspired by the MGD method, which is known to be valid for line element in Schwarzschild coordinates. As example, we obtained two new analytical and physically acceptable solutions with each algorithm, using as seed solutions the known isotropic Gold III and Nariai IV solutions.
the reverse process is not always possible. This seems to indicate that the isotropic coordinates are more general that canonical coordinates. The principal feature of the isotropic line elements is that it treats the 3 spatial dimensions in the same way. Also, this system of coordinates has been adopted by physicist and astronomers, over the Schwarzschild coordinates in order to describe the solar system [40] .
In this work we present two inequivalent algorithms to obtain new analytical and anisotropic solutions of Einstein's equations, starting with known solutions in isotropic coordinates. These two algorithms are based in the same ansatz of the MGD method. However in the first one there is not a decoupling of the Einstein's equations, while in the second one is necessary to assume additional conditions that are not included in the MGD aproach. In order to check the validity of the methods, we have chosen two known seed solutions in isotropic coordinates, as Gold III [41] and Nariai IV [39] , and we have found 2 analytical and physical acceptable solutions for each seed solution with both approaches. In [42] [43] [44] there are explained some different algorithms that also allow us to obtain new solutions from a line element in isotropic coordinates. However our method is simpler and it will lead us, generally, to solutions with anisotropy in the pressures, which is not the case of [42] . This paper is organized as follows: in section 2 we briefly review Einstein's equations in standard coordinates. In section 3 we describe the solution generating technique known as MGD, which is useful with line elements in Schwarzschild like coordinates. We briefly discuss Einstein's equations in isotropic coordinates in section 4. The acceptability condition for the solutions of Einstein's equations are presented in the section 5. In section 6 we proposed two different, MGD inspired, algorithms that allow us to obtain new analytical solutions in isotropic coordinates with anisotropy in the pressures. In order to verify the usefulness of the methods, we extend Gold III and Nariai IV solutions to the anisotropical domain with both methods. The physical acceptability of the four new and exact anisotropic solutions are also discussed in Section 7.
II. EINSTEIN'S EQUATIONS IN STANDARD COORDINATES
The line element in standard coordinates, also known as Schwarzschild like coordinates, is given by
This metric must be a solution of Einstein's equations
which take the following form
−8πT
where the prime indicates derivatives respect to variable r.
Finally the conservation equation, derived from the latter system of equations is
III. THE MGD APPROACH
The starting point of this method is to assume that the energy-momentum tensor has the specific form
where α is a coupling constant and T (PF) is the matterenergy content associated to a perfect fluid
with the fluid 4-velocity given by u µ = e −ν/2 δ µ 0 . Now we can consider a perfect fluid solution of Einstein's equations (α = 0) with a line element written in standard coordinates as (1) , and define
which is the standard expression for the mass function in GR. The next step is to take account of the anisotropy introduced by the gravitational source θ µν in our system. This will be done by assuming that the contribution of the α parameter, in the perfect fluid solution (1), is encoded in the deformations g and f of the temporal and radial metric component respectively.
The Minimal Geometric Deformation will be associated to the specific case where g = 0. In this case (g = 0) is easy to check that, using (7) and (11), Einstein's equations (3)-(5) splits in two systems. The first one coincides with Einstein's equations system for a perfect fluid
with the correspondent conservation equation
that turns out to be equation (6) with the energy momentum tensor associated to a perfect fluid (8)(eq (7) with α = 0). The second system of equations, which is not an Einstein's equations system due to the lackness of a 1 r on the right side of the first two equations, reads
8π θ
and the conservation equation associated with the source is
In order to find the solution of Einstein's equations for an energy-momentum tensor of the form (7) we have to solve the equations systems (12)- (14) and (16)- (18) . In the case when we start with a known perfect fluid solution, then is only necessary to solve the second system. Now, in both cases there are more unknown functions that equations so additional information is required in order to solve the systems. This information can be given in the form of equation of state or other expressions that relates the physical variables of the system under study.
Finally it can be seen that redefining an energy momentum tensorθ µν , the system of equations (16)- (18) associated to the source, is equivalent to a Einstein's equations system for an anisotropic fluid. Also, it can be verified that the conservation equations (15) and (19) , implies that the interaction of the perfect fluid with the source is purely gravitational.
IV. EINSTEIN'S EQUATIONS IN ISOTROPIC COORDINATES
In this paper we shall study the interior of static and spherical symmetric matter distributions, but using the line element in isotropic coordinates given by
in which Einstein's equations take the following form
This coordinates seems to be more general than the Schwarzschild like ones (1), due to the fact that there is always possible to transform the line element from the standard form to the isotropic one by
where µ −1 and r 1 are the radial component and the coordinate associated to the line element in standard coordinates (1). However, is not always possible to perform the reverse process. Therefore, there is a chance to obtain solutions to Einstein's equations that can not be found using the Schwarzschild like coordinates.
If we consider that ω = (Ã(r)) 2 , the eqs (21)- (23) reads
At this point is easy to see that the system (21)-(23) (or (25)- (27)) will not be decoupled if we choose an energy momentum tensor of the form (7) and consider the particular ansatz for the metric (11) of the MGD method . Nevertheless, as we will show in next sections, this conditions can be used to obtain new internal analytical solutions (physically acceptable) of Einstein's equations in isotropic coordinates.
Finally, in order to avoid the appearance of singular behaviour of the physical variables on the surface of our distribution, we must impose the well known matching conditions between the interior and the exterior spacetime geometries. The inner region is defined by the metric (20) and we will consider that the outer region is described by the vacuum Schwarzschild solution, which in isotropic coordinates is given by
where M denote the total mass of the distributions. Now, using (20) and (28) is easy to see that the first and second fundamental form are given by
1
were the subscript Σ indicates that the quantity is evaluated at the boundary of the distribution.
V. PHYSICAL ACCEPTABILITY CONDITIONS
Now, solving Einstein's equations does not ensure that the solution will describe any physical system. Indeed, among all the known solutions of Einstein's equations, only a few of them have physical meaning (see for example [3] ).
Then, in order to ensure that the solutions of Einstein's equations are physically acceptable, they must satisfy the following conditions
• P r , P t and ρ are positive and finite inside the distribution.
• • Causality condition: 0 < dPr dρ < 1 , 0 < dPt dρ < 1.
VI. THE ALGORITHMS FOR OBTAIN NEW SOLUTIONS
In this section we present two possibles and inequivalent algorithms to find new analytical anisotropic solutions of Einstein's equations in isotropic coordinates based in the conditions (7) and (11) of the MGD method.
A. The first algorithm
In order to solve Einstein's equations we will consider an energy-momentum tensor of the form (7) . In this case, as the geometry remains untouched, Einstein's equations reads as before
8πp r (r) = 1 4
8πp t (r) = 1 2
but with an effective radial pressurep r , effective tangential pressurep t and effective densityρ that are given bỹ
At this point it is easy to see that we have an anisotropic system with three independent equations and seven unknown functions, the same 4 as the isotropic perfect fluid case (12)- (14) . Now, as we mention before, if we try to consider the deformation
is not possible to decouple the system of equations (32)- (34) due to the presence of α 2 terms in ω ′2 and ω ′′ . However, if we consider a specific combination of equations (32)- (34) given by
and we introduce the minimal geometric deformation
we obtained that this equation splits in two: one equation associated to a perfect fluid and another one related to the gravitational source
respectively.
If we now impose a linear constraint of the form
we have from (40) that
where C is a constant. Now in order to show that the algorithm works we will consider only the simple case were F (r) = 0, for which
Although it is not possible to decouple the system of equations (32)- (34) after we introduce the deformation, is remarkable that knowing f , f ′ and f ′′ , we can obtain θ (32), (33) and (34) respectively. In fact
where we have used eqs (21)- (23), and
where , we can write the expressions for the effective pressures and energy density using (35) . This represent a new analytical and (in general) anisotropic solution of Einstein's Equations in isotropic coordinates.
B. The second algorithm
Starting with the line element in isotropic coordinate given by
and considering that the energy momentum tensor has the form
where T
whereρ
Now assuming that the system with α = 0 is characterized byÃ
and supposing that the sets of functions {ν, A, ρ, P } and {ν, f, H 
the second
−8πH
which are both systems of Einstein's equations, and a third one
−8πΘ
which is not. Now in order to solve the systems and find the deformation function f we could propose any relation of the components of the sources. In the MGD method the solutions were found imposing some simple mimic constrains. In this case, a simple possibility to solve the system is to assume
which leads to
whose solution is
where C is an integration constant. Now in the same way that the previous algorithm, in order to show how the method works we will only consider the case wherẽ F (r) = 0 for which
Then, if we choose an isotropic solution of Einstein's equations is possible to obtain new analytical and anisotropic solutions.
VII. NEW EXACT ANISOTROPIC SOLUTIONS OF EINSTEIN'S EQUATIONS IN ISOTROPIC COORDINATES
A. Using the first method
Solution 1
In order to verify the first algorithm, let us choose a known perfect fluid solution in isotropic coordinates as Gold III [41] solution
where D, B, a and b are constants. This solution will be regular at the origin only if
It can be check that the deformation function takes the form
with C an integration constant. Therefore
where and
We can write now the effective energy density and pressures as (35) . Now, is easy to see that for a = 2, b = 1 and α = 0.05, the new solution obtained by this method does satisfy the physical acceptability conditions. The pressures and the energy density are plotted in figures (1)- (2) 
Solution 2
If we choose as seed solution Nariai IV, [39] 
where
and B, M 0 ,ã,b are constants. In order to ensure regularity at the origin B = cos 2 (b).
In this case, is easy to see that the deformation function is given by
with C an integration constant. Moreover
and
In order to verify the physical acceptability of this new anisotropic solutions, it can be check that setting C = 1 and forã = 1,b = 2.4, M 0 = 1, α = −0.005 these conditions are totally satisfied. The results for the pressures and the energy density can be found in the figures (7)- (8) and all the acceptability are plotted in the figures (9)-(12).
B. Using the second method

Solution 1
In order to check the method, we choose as seed solution the Gold III solution, which is given by eqs (73)- (77) where D, B, a, b are integration constants.
Then from the results of the previous section is easy to see that
and the deformation function takes the simple form
where we have taken, for simplicity, D = C = 1 and with this is not difficult to find the following expressions for the components of H µν
and the components of Θ µν
Now with these expressions, we can compute the effective energy density and pressures
Finally in order to give an example of a physical acceptable solution we can take the following values for the constants, α = 0.020, a = 2 and b = 0.4 .The pressures can be found in the figure (13) while the energy density is in the figure (14) . All the acceptability condition are plotted in the figures (15)- (18).
Solution 2
Starting with the Nariai IV solution given by the expressions (91)-(94), we have that
and is easy to obtain the following results where 
−8πH 
Finally, to give an example we choose the values α = −0.15, M 0 = 1,ã = 1 yb = 2.38. In this case the pressures and the energy density are in the figures (19) and (20) , while the acceptability conditions are in the figures (21)- (24).
VIII. CONCLUSIONS
The Minimal Geometric Deformation is an efficient method to obtain new analytical internal solutions of Einstein's equations. However, the main advantage of MGD is not present if you consider a line element in isotropic coordinates, because it is not possible to decouple the system of equations related to the gravitational sources.
We are presenting in this work two inequivalent methods to obtain new analytical and anisotropical solutions of Einstein's Equations in isotropic coordinates. Although this is not exactly the known Minimal Geometric Deformation, both algorithms uses the same ansatz for the metric deformations. The differences with MGD is that: in the first method there is not a decoupling of Einstein's equations and we only use convenient combinations of the equations to solve the complete system. In the second method, there is a decoupling of the system of equations. Nevertheless, to achieve this, is necessary to include an additional source (H µν ) that also have to satisfied Einstein's equations.
In order to test the two methods we select Gold III and Nariai IV as seed solutions and with each algorithm we extended both to the anisotropical domain. Indeed, we have found 4 new analytical and physical acceptable solutions with isotropy in the metric and anisotropy in the pressures. It is important to mention that the inequivalence of both methods is evident. This can be easily verified by selecting the same seed solution and the same values for the free parameters, it can be check that the resulting solutions are different. In fact, using Gold III and selecting the values for the parameters used in the second method in order to obtain a physical acceptable solution, the first method throws a solution that does not satisfy the conditions for physical acceptability.
Finally we want to emphasize that the purpose of this work is not to study any particular model. We only center our attention in presenting two different simple algorithms to find new analytical solutions of Einstein's equations in isotropic coordinates. In order to describe any particular model is necessary to impose conditions, different that the ones given here, related with the system under study to solve the resulting equations.
